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Mathematical modelling in biomechanics of infarcted left ventricle (LV) serves as an indispensable tool 
for remodelling mechanism exploration, LV biomechanical property estimation and therapy assessment 
after myocardial infarction (MI). However, a review of mathematical modelling after MI has not been 
seen in the literature so far. In the paper, a systematic review of mathematical models in biomechanics 
of infarcted LV was established. The models include comprehensive cardiovascular system model, 
essential LV pressure-volume and stress-stretch models, constitutive laws for passive myocardium and 
scars, tension models for active myocardium, collagen fibre orientation optimization models, fibroblast 
and collagen fibre growth/degradation models and integrated growth-electro-mechanical model after 
MI. The primary idea, unique characteristics and key equations of each model were identified and 
extracted. Discussions on the models were provided and followed research issues on them were 
addressed. Considerable improvements in the cardiovascular system model, LV aneurysm model, 
coupled agent-based models and integrated electro-mechanical-growth LV model are encouraged. 
Substantial attention should be paid to new constitutive laws with respect to stress-stretch curve and 
strain energy function for infarcted passive myocardium, collagen fibre orientation optimization in scar, 
cardiac rupture and tissue damage and viscoelastic effect post-MI in the future. 
 
Keywords: left ventricle; myocardial infarction; cardiovascular system; biomechanical model; 
collagen fibre; myocardium 
 
Abbreviations 
2D  two-dimensional 
3D  three-dimensional 
CFD  computational fluid dynamics  
d  day 
DPVR  diastolic pressure-volume relation 
ED  end-diastolic or end of diastole 
EDP  end-diastolic pressure 
ECM  extracellular matrix 
ES  end-systolic or end of systole 




ESPVR  end-diastolic pressure-volume relations 
FE  finite element 
FEA  finite element analysis 
FEM  finite element model 
LGE  late gadolinium enhancement 
LV  left ventricle 
LVEDP Left ventricle end-diastolic pressure 
LVESV left ventricular systolic volume 
MI  Myocardial infarction 
MMPs  matrix metalloproteinases 
MRI  magnetic resonance imaging 
ODE  ordinary differential equation 
PIM  percent inactive myocardium 
PSM  percent shorting of myocardium 
p-V  pressure-volume 
RV  right ventricle 
SAVER surgical anterior ventricular restoration 
TGF-β  transforming growing factor β 
STE  speckle-tracking echocardiography 
TIMPs   metalloproteinases 






Myocardial infarction (MI) refers to death of the myocytes in a region of myocardium in left 
ventricle (LV) owing to the lack of oxygen caused by obstruction of the blood supply from left 
circumflex (LCX) and left anterior descending (LAD) arteries or their branches with stenosis, see Fig. 
1. After the death of myocytes in LV, the LV loses contracting ability in part and its pump function is 
impaired, even heart failure emerges. According to a WHO statement, 17.4 million MI patients exist in 
the world every year compared with 15 million stroke patients. In the UK prevalence of coronary heart 
disease is 4.5% in the North East of England, and 4.3% in Scotland. The annual death rate of survivors 
of MI patients is 5% and six times that of people at the same age who are without coronary heart disease 
[1]. Around £6.8 billion was spent on the disease in the NHS of England during 2012-2013 [2]. 
Biomechanics of infarcted LV has become a study subject since 1960’s and includes 
experimental and mathematical modelling contents broadly. It is the study of the structure, function, 
kinematics and kinetics of infarcted LVs at the organ, tissue and cell levels by employing experimental 
and mathematical modelling methods in mechanics. 
Recently, mathematical modelling has been become indispensable and increasingly important 
method in biomechanics of infarcted LV in terms of great advancement in both computer and software 
[3]. In comparison with experimental biomechanics of infarcted LV, mathematical model-based 
biomechanics possesses a few essential and significant advantages, such as dealing with cases and 
conditions unachievable by experiment, carrying out simulations with different time scales, altering 
model parameters easily, very cheap in operating cost, and assessing a therapy proposal safely prior to 
an actual surgery taking place.  
Image-based or patient-specific or personalized LV biomechanics was perfectly elucidated in 
[4-6]. Biomechanics of cardiac function of normal and diseased LVs was comprehensively and briefly 
introduced in [7]. Contemporary biomechanical models of myocardium were interpreted clearly in [8] 
in terms of healthy LVs. Computational modelling at cardiac cell level has been reviewed elegantly and 
rigorously in [9] for cardiac signalling networks and [10] for cardiac fibroblasts and fibrosis with 
emphasis on agent-based modelling of infarct healing as well as [11] for patient-specific LV and 
biomaterial inject therapy of LV post-MI. There hasn’t been a comprehensive survey of mathematical 
modelling in biomechanics of infarcted LV in remodelling process with emphasis on variation of LV 
biomechanical property, myocardial remodelling and MI scar growth after MI in the literature so far 
[3,5,11].  
In this contribution, mathematical models and their modelling methods in biomechanics of 
infarcted LV were summarized thoroughly in terms of a biomechanics worker point of view to provide 
a supplement for existing reviews and offer an opportunity for researchers to develop new ideas in 




evidence and LV remodelling process after MI are referred to [12] where experiments in biomechanics 
of infarcted LV have been reviewed. 
The existing biomechanics models for remodelling after MI published since 1950’s were sorted 
out and divided into four groups, i.e. cardiovascular system models, biomechanical models, LV 
aneurysm models and growth models post-MI. These models and their contributors as well as features 
are summarised in Table 1.  
In Section 2, the cardiovascular system model and LV biomechanical models after MI are 
summarised. In Section 3 and 4, aneurysm models are demonstrated. In Section 5, growth models in 
the remodelling process post-MI are detailed. In Section 6, discussions on the models reviewed are put 
forward, and a few new study issues are raised. Then a conclusion is followed. Perhaps this is a 
comprehensive review of mathematical modelling in biomechanics of infarcted LV for the first time, 
especially the problem in use of LV wall curvature-based regional stress model was identified, see 
Section 3.10 for detail.  
2 Lumped-parameter cardiovascular system model 
After MI occurs, the diastolic pressure-volume relationship, LV chamber stiffness and mass 
should vary with time [13]. If these effects can be modelled with simple mathematical models, the 
results will supply some insight into the remodelling process and also are meaningful to remodelling 
invention and therapy.  
A lumped-parameter model of the ovine cardiovascular system was developed in [14] based on 
the previous work [15] to clarify effects of MI size and compliance on cardiovascular function by 
involving a time varying elastane of LV 𝐸LV(𝑡) (=1 𝐶LV(𝑡)⁄ ) proposed initially by [16] and an adaptive 
compensatory mechanism to maintain LV stroke volume. A diagram for the lumped-parameter model 
is illustrated in Fig.2. In the figure, venous, pulmonary and arterial systems are represented by a fixed 
flow resistance and compliance, respectively; while tricuspid, pulmonary, mitral and aortic valves are 
simplified to a fixed flow resistance and unidirectional diode. The right ventricle (RV) and LV are 
considered as a chamber with variable active compliance and passive compliance.  
It is assumed that MI occurs in LV only. In remote zone, both active and passive compliances 












, 𝑡 ∈ [0, 𝑡𝑝]
𝐸LVr(𝑡) = (1 − 𝑉cf) (
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, 𝑡 > 𝑡𝑠
                       (1) 
where 𝐾𝐿𝑉  is LV contractility, 𝑉cfis the MI volume fraction in LV wall, 𝑡𝑝 is the time to peak LV 




and second expressions of Eq. (1) are relative to the active compliance 𝐶LVa, and the two compliances 
are connected in parallel in the model, i.e. 1 𝐶LV(𝑡)⁄ = 1 𝐶LV𝑎(𝑡)⁄ + 1 𝐶LVp(𝑡)⁄ , then the active 




















, 𝑡 ∈ 𝑡𝑝, 𝑡𝑠
𝐶LVa(𝑡) = 0, 𝑡 > 𝑡𝑠
                                       (2) 
 In MI region, the compliance is always the fixed passive compliance, 𝐶LVf , and the 




                                                                         (3) 
Once again, the compliance in the remote zone and the compliance in MI region contribute to 
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The MI size and stiffness have been involved in the model Eq. (4). 
 Additionally, the compensatory characteristic of the cardiovascular system was considered 
based on the difference of between desired and actual stroke volumes and passive LV compliance with 
linear model [14], that is 
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                                                       (5) 
where 𝛥𝑉𝑡𝑜𝑡𝑎𝑙 is the total blood in the system, SV  is the current LV stroke volume and dSV  is the 
desired stroke volume after compensation. The effects of MI size, infarct compliance and compensation 
on cardiac pumping function were investigated theoretically with above models.  
Note that just a set of model parameters from animal model was used and not validated with 
clinical data [14]. Therefore, these models are subject to be improved in the future. 
3 LV biomechanical models post-MI 
3.1 Empirical models for LV diastolic p-V curve 
LV passive pressure(p)-volume(V) curves during diastole have been measured in vitro by 
employing animal models since 1960’s [17-20] and have been reviewed in [21]. For the first time, an 
empirical relationship of LV chamber pressure in terms of an exponential function of LV chamber 
volume is proposed in [22] to best fit in vitro experimental p-V data 




where 𝑎, 𝑏 and 𝑐 are positive constants determined by the experimental data. When 𝑝 = 0mmHg, the 
LV chamber volume is in its dead volume 𝑉 = 𝑉0. The instant slope of a p-V curve is 
𝑑𝑝
𝑑𝑉
= 𝑎𝑝 + 𝑎𝑏𝑒𝑎𝑉0                                                            (7) 
The equation proves that 𝑑𝑝 𝑑𝑉⁄  is related to 𝑝 linearly. In [23], the p-V curve and its instant slope 
were investigated, particularly, a dimensionless volume, i.e. ( )0 0V V V− = ( )0 1V V − , was used, and 
Eqs. (6) and (7) become  












= 𝑎𝑝 + 𝑎𝑏                                                           (9) 
It was shown that Eq. (8) could best fit the p-V curves under various conditions such as post 
clamp, longitudinal clamp, cross clamp and rigor mortis [20].  
Since p-V curves reflect LV diastolic function globally without need to know LV wall passive 
properties in advance and can be changed by various LV diseases, they have long been applied 
extensively in LV disease diagnosis and assessment [22-26]. LV p-V curve and its compliance after MI 
were clarified by using Eqs. (6) and (7) in [27-29]. It turned out that LV with MI was subject to a large 
constant 𝑎 compared with normal LV and LV with coronary disease [29]. 
3.2 Effect of MI on p-V curves 
A nonlinear isotropic, initially spherical membrane model was proposed to predict LV function 
of an infarcted canine LV in [30]. Two-parameter strain energy density function in [31] was used to 
stand for nonlinear hyperelastic myocardium mechanical property in both diastole and systole. Based 
on a spherical model, the LV pressure can be expressed by stretch in the myocardium wall and two 
material property constants. These constants can be altered to reflect the difference in MI zone and 
remote area as well as the passive and active states.  
The MI zone was considered an axis-symmetrical membrane and solved numerically by using 
finite difference method. Effects of infarct size and stiffness on cardiac function were investigated at 
various MI ages. 
There is a critical issue in the model in [30]. The LV chamber pressures during diastolic and 
end-systolic phases were estimated by a spherical membrane model with various material parameters 
related to MI size, then the stresses and strains were determined with a non-spherical membrane model 
by applying these pressures. Obviously, the compliance from the spherical model should differ from 
that based on the non-spherical model under the same LV chamber pressure load. To achieve the same 
compliance, the material property constants in the non-spherical model need to be decided inversely 




3.3 Effects of MI on end-systolic p-V relation 
 Cardiac stroke volume is decided by diastolic pressure-volume relations (DPVR) and end-
systolic pressure-volume relations (ESPVR) and end-diastolic pressure (EDP) and end-systolic pressure 
(ESP). Experimental data suggested that MI can alter ESPVR based on dog [32-35], pig and rat [36], 
and human models [37,38], a typical ESPVR of a dog measured in [32] is illustrated in Fig.3. Modelling 
altered ESPVRs by MI is complicated because myocardial contractility is involved in ESPVRs. A 
simple model was proposed in [32] to estimate ESPVRs in terms of MI volume fraction, stiffness of 
linear ESPVRs measured in normal LVs and LVs with MI.  
Referring to Fig.3, the ESPVRs exhibit the nonlinear property at a low EDP, and once the 
pressure over a critical pressure, the relationships can be approximated to a linear function. In that case, 
ESPVRs were simplified to a linear relation with two parameters, namely stiffness and interception 
with zero pressure axis [32]. Additionally, the border zone between MI region and remote was ignored, 
the remote and MI zones were imaged to be two chambers sharing the same EDP and 𝑝𝑒𝑠.but different 
end-systolic volumes (EDV), 𝑉𝑒𝑠𝑅 and 𝑉𝑒𝑠𝑀𝐼. For two chambers and the original intact LV with MI, 













(𝑉𝑒𝑠𝑀𝐼 − 𝑉𝑐𝑓𝑉0𝑀𝐼)        
𝑝𝑒𝑠 = 𝐸𝑒𝑠𝑅𝑀𝐼(𝑉𝑒𝑠𝑅𝑀𝐼 − 𝑉0𝑅𝑀𝐼)       
𝑉𝑒𝑠𝑅𝑀𝐼 = 𝑉𝑒𝑠𝑅 + 𝑉𝑒𝑠𝑀𝐼                      
𝑉0𝑅𝑀𝐼 = (1 − 𝑉𝑐𝑓)𝑉0𝑅 + 𝑉𝑐𝑓𝑉0𝑀𝐼  
                                                   (10) 
where 𝐸𝑒𝑠𝑅 (1 − 𝑉𝑐𝑓)⁄  is the stiffness of 𝑝𝑒𝑠-𝑉𝑒𝑠𝑅 curve of the remote zone, 𝐸𝑒𝑠𝑅 is the stiffness of 𝑝𝑒𝑠-
𝑉𝑒𝑠𝑅 curve of the normal LV, 𝑉0𝑅 is the intercept of the curve with 𝑝𝑒𝑠=0 axis, 𝐸𝑒𝑠𝑅𝑀𝐼 is the stiffness 
of 𝑝𝑒𝑠-𝑉𝑒𝑠𝑅𝑀𝐼 curve of the LV with MI, 𝑉0𝑅𝑀𝐼 is the intercept of the curve with 𝑝𝑒𝑠=0 axis as well.  
Usually, 𝐸𝑒𝑠𝑅 and 𝑉0𝑅 are known for a normal LV; 𝐸𝑒𝑠𝑅𝑀𝐼 and 𝑉0𝑅𝑀𝐼 can be measured based 
on the LV with MI. The following expressions can be deduced from Eq. (10) to estimate 𝑉𝑐𝑓 or 𝑉0𝑅𝑀𝐼  













                                                         (11) 
If 𝑉𝑐𝑓 is known in advance, then 𝐸𝑒𝑠𝑀𝐼 and 𝑉0𝑀𝐼 can be determined from Eq. (11). After they 
are available, 𝐸𝑒𝑠𝑅𝑀𝐼 and 𝑉0𝑅𝑀𝐼 of the 𝑝𝑒𝑠-𝑉𝑒𝑠𝑅𝑀𝐼 curve at another 𝑉𝑐𝑓 will be obtained. Based on Eq. 
(11), the effects of MI size on 𝑝𝑒𝑠 -𝑉𝑒𝑠𝑅𝑀𝐼  relationships can be decided analytically. Commonly, 




Even though the linear ESPVR model above is simple to clinical applications, the linearity in 
ESPVRs is not represented [39,40] and the model may not be accurate enough. To remove this 
limitation in the model, Bogen et al established a biomechanical model to investigate effects of MI size 
on ESPVRs [41] based on an inhomogeneous LV with an infarcted axisymmetric region as used in [30] 
and the power-law isotropic strain energy function of Ogden type proposed in [31] and described as 







𝑘𝑝)                                                    (12) 
where 𝜆1 and 𝜆2 are in-plane principal stretches, but 𝜆3 is the transmural principal stretch of LV wall; 
𝜇𝑝 and 𝑘𝑝 are positive elastic constants of the LV wall. The corresponding in-plane Cauchy stress-





𝑘𝑝) , 𝑖 = 1,2                                                       (13) 
In the active state of LV wall, the elastic constant is 𝑘𝑝=2 and 𝜇𝑝 is replaced with a constant 





−4], 𝑖 = 1,2                                                 (14) 
where 𝜆𝑐 is the ratio of the diastolic rest length to the systolic rest length, 𝜆𝑐=1.18 [41], 𝜆𝑖 is the ratio 
of the instant diastolic length to the diastolic rest length, as illustrated in Fig. 4. For MI zone, the total 








−4] + 𝜇𝑝 (𝜆𝑖
𝑘𝑝 − 𝜆3
𝑘𝑝) , 𝑖 = 1,2                                     (15) 
 Eq. (13) and (15) make the constitutive laws for the remote and MI regions, respectively, and 
have been involved in finite element analysis (FEA) in [41] based on nonlinear membrane mechanical 
model.  
The computational input data of the model can be found in [41]. For the normal LV, 
𝜇𝑠=250mmHg (inotropy), two constants 𝜇𝑝=2mmHg and 𝑘𝑝=16 are imposed. For the acute infarcted 
LVs with infarct sizes of 15%, 25% and 41%, respectively, constants 𝜇𝑝=7.9mmHg and 𝑘𝑝=13 for the 
MI zone, but 𝜇𝑝=2mmHg and 𝑘𝑝=16 remain for the remote zone under two conditions: normal inotropy 
𝜇𝑠=250mmHg and 20% increased inotropy 𝜇𝑠=300mmHg in the remote zone. EDP=12mmHg was held 
for all infarcted LVs. The normalized EDV and ESV were made with the early diastolic LV volume. 
The estimated ESPVRs are demonstrated in Fig.5. Rightward shifting ESPVRs along with decreased 
slope in comparison with the normal LV are observed, suggesting a declined stroke. The increased 
contractility/inotropy in the remote zone after MI can slightly mitigate the shifting only. The limitations 
in the model have been addressed completely in [41]. 




A nonlinear constitutive law for passive myocardium and an empirical tension formula for 
active myofibers were developed in [42] and applied to simulate systolic isovolumic contraction and 
ejection phases respectively in [43] for identifying effects of MI size on ejection fraction (EF). The 





[𝑒𝑥𝑝(𝑘 ) − 1]
𝑇𝑎 = 𝛼(𝑡)𝐴
                                                          (16) 
where 𝑐 and 𝑘 are material constants for passive myocardium and determined with existing uniaxial 
tensile test results, 𝑇𝑎 is time-varying active tension devolved in myofibre which is considered a truss 
element in FEA model, 𝐴  is the cross-element area of the truss element, 𝛼(𝑡)  is a time-varying 
activation factor, which varies in a cardiac cycle and is identical for all myofibres. The activation factor 
is taken as an independent input variable and its value is decided by matching the predicted LV p-V 
loop to the in vivo measurement. In MI zone, 𝛼(𝑡)  is reduced but 𝑐  and 𝑘  remain unchanged in 
comparison with remote zone. It was shown that an increasing MI size can lead to linearly declined EF 
[43]. 
3.5 Empirical models for stress-strain curve 
For ribbit mesentery uniaxial tested specimens, when scattered 𝑑𝜎 𝑑𝜆⁄  points are plotted in 
terms of stress 𝜎, they can be best fitted by using a quadratic expression shown in Fig.6a. However, the 
coefficient of the 2nd-order term is very small, as such, the quadratic term can be removed without 
introducing a noticed error, and the curve fitting equation is written as [44]  
𝑑𝜎
𝑑𝜆
= 𝑎(𝜎 + 𝑏)                                                                (17) 
This stress expression is empirical and has been significantly used to correlate tension-stretch 
or stress-stretch or stress-strain relationships in uniaxial elongation of soft biological tissue. Note that 
Eq. (7) and Eq. (17) share the identical form of expression. The other types of uniaxial stress-stretch 
relationships reviewed should be referred to [21]. 
 Mathematical model Eq. (17) was applied to extract passive elasticity of myocardium tissue 
after MI to quantify mechanical dysfunction of the tissue in rabbits in [45], and the curve fitted is shown 
by the straight line in Fig.6b based on the first 15 data points at low loads only. In fact, the curve fitted 
should be the dashed line in the figure based on more data points. This problem seems to be overlooked 
in [45]. 
 Even though passive myocardium is in nonlinear behaviour, it is still considered to be linear 
with three constant Young’s moduli of 8, 16, 16kPa, rigidity moduli of 5.41, 5.41, 5.41 kPa and Poisson 
ratios of 0.24, 0.48, 0.48, respectively, in the longitudinal, circumferential and cross wall directions in 
3D LV FEA model from biplane cine-angio-cardiographs during diastole in [46]. The Young’s modulus 




infarct and anterior infarct were involved in the FEA model, and the upper and anterior infarcts affect 
the whole LV movement, but the lower infarct just alters the apex movement.  
Regional segmental motion after MI in seven dog LVs was measured by using ultrasonic 
crystals implanted in LV wall during the withdrawal of 500ml of blood and the transfusion of 800ml of 
blood, and the tension in LV wall was estimated by using the Laplace’s law for a spherical membrane 
model [47]. The relationship between tension and length of LV segment is developed such as  
𝑇 = exp [10 × 𝑎 × (
𝐿
𝐿0
) + 𝑏]                                                      (18) 
where 𝑇 is tension in LV wall, 𝐿 is the instantaneous length of the MI segment and 𝐿0 is the length at 
ED before MI, 𝑎 and 𝑏 are the parameters fitted by tension-length scattered data.  
3.6 Isotropic MI scar biomechanical property 
Infarct scar samples (10-15mm per side, 1-2mm thin) harvested from rat LVs wall at 3wk after 
MI were stretched by using a biaxial testing device [48]. For collagen fibres, there isn’t a preferred 
orientation at 3wk, therefore, an isotropic nonlinear humongous constitutive law is proposed to fit the 
experimental stress-stretch data [48] 
𝜓 = 𝑐(𝐼1 − 3)
2                                                                  (19) 
where 𝜓 is strain energy density function, 𝑐 is model constant determined from the experimental stress-
stretch data, 𝐼1 is the first invariant, 𝐼1=tr( C ), C  is the right Cauchy-Green deformation tensor, C =
T
F F , F  is deformation gradient tensor, TF  is the transpose of F . 
3.7 Estimation of passive biomechanical property constants with MI 
Passive material property constants of infarcted and remote myocardia and the orientation of 
collagen fibres in infarcted region were determined at 1wk after MI in [49] based on MRI imaging data, 
catheterized blood pressure in porcine LVs in terms of Guccione and his co-worker’s constitutive law 
for passive myocardium in [50] during diastole. The strain energy function is transverse isotropic and 
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where 𝑐, 𝑏𝑓, 𝑏𝑠 and 𝑏fs are positive constants under determination during diastole; 𝐸11 is the Green-
Lagrange strain in the myofibre direction, 𝐸22 is the cross-fibre in-plane strain, 𝐸33 is the radial strain 
transverse to the fibre direction, and the rest shear strains. The model Eq. (20) was input into LS-DYNA 
by using a user subroutine.  
 A reference configuration and a current configuration of LV for FEA were generated based on 
MRI image at early-diastolic and end-diastolic (ED) phases, respectively. The reference configuration 
was loaded inside with 10mmHg measured LV pressure at ED phase to get a computed current 




MRI at ED phase. Four parameters (𝑐, 𝑏𝑓, 𝑏𝑠, 𝑏fs) in remote region and four parameters ( c , 𝑏𝑓, 𝑏𝑠, 𝑏fs) 
in MI region along with myofibre angles at epicardium and endocardium were adjusted by using genetic 
algorithm (GA) in the software LS-OPT to minimize the following objective function  















                                        (21) 
where 𝐸𝑖𝑗,𝑛
FEA is the computed strain in FEA, 𝐸𝑖𝑗,𝑛
MRI is the strain from MRI images in seven rings in end-
diastolic phase; 𝑉LV
FEA and 𝑉LV
MRI are the LV chamber volumes at ED phase respectively from FEA and 
MRI images, N =252 is the total number of points compared in seven rings.  
Infarcted myocardium was stiffer than remote myocardium and collagen fibres were orientated 
more circumferentially at 1wk after MI [49]. Because just ED configuration is compared, the property 
constants determined are unable to ensure the agreement in strains and LV volume between FEA and 
MRI in mid-diastole.  
An updated Mooney-Rivlin strain energy constitutive model for isotropic, incompressible, 
homogeneous, hyperplastic materials was proposed in [51-53] to provide a constitutive model for 
anisotropic myocardium with MI. The constitutive law reads as 
𝜓 = 𝑎1(𝐼1 − 3) + 𝑏1[𝑒





− 1]                          (22) 
where the first two terms are for the matrix material, and the last term accounts for the myofibres; 𝑎1, 
𝑏1  and 𝑏2  are the property constants for the matrix, 𝑘1  and 𝑘2  are the property parameters for the 
myofibres.  
3.8 Phenomenological active stress model with MI 
A phenomenological active stress model for LV with MI was proposed based on the well-
known Hill’s three-element model in [54] by Bovendeerd et al in [55]. The slightly adapted Hill 























                                                  (23) 
where 𝑣1  is the asymptote shortening velocity, 𝑣1 =15µm/s at the asymptote stress 𝑇1 =110kPa. 
𝑓𝑣(𝑇𝑎 𝑇1⁄ ) is a known function of𝑇𝑎 𝑇1⁄ , 𝑇𝑎 and 𝜎𝑎 are instant Piola-Kirchhoff stress and Cauchy stress, 
respectively; 𝑓𝑇 is an index indicting the contractility of myofiber, 𝑓𝑇=0 in MI zone, but 𝑓𝑇=1 in the 
remote zone; 𝑙𝑐 is the instant length of contractile element, 𝑙𝑠 is the instant sarcomere length, 𝑙𝑠0 is the 
reference length of sarcomere; 𝑙𝑠𝑒 is the maximum length of the series elastic element, sel =0.05µm; 
𝑓𝑙(𝑙𝑐) is a known function of 𝑙𝑐; 𝑓𝑡(𝑡, 𝑙𝑠) is a known function of cardiac time t  at different lengths of 




integrated with respect to cardiac time to get the active stress along the myofibre in a cardiac cycle. The 
total Cauchy stress is the sum of passive stress in the myocardium and active stress along the myofibre 
a+ p f fσ=σ e e                                                                 (24) 
where fe  is the orientation vector of myofibre. 
A phenomenological active stress model of myofibre in LVs with MI was developed in [53] at 
end-systole (ES) based on sarcomere length. The model is applicable to the remote region and the border 
zone. During systole, in the remote region and the border zone the total stress is composed of passive 
and active stresses. The stress components in the fibre, fibre-cross-fibre and fibre-radial coordinate 
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, 𝑖, 𝑗 = 1,2,3                               (25) 
where   is the strain energy function in Eq. (20); 𝑔𝑖𝑗 is contravariant metric tensor referred to fibre 
coordinates, 𝑔𝑖𝑗 = (𝜕𝑓𝑖 𝜕𝑥𝑘⁄ )(𝜕𝑓𝑗 𝜕𝑥𝑘⁄ ) , 1,2,3k =  for the fibre, fibre-cross-fibre and fibre-radial 
directions; kx are deformed Cartesian coordinates, 𝑤  is the Lagrange multiplier needed to enforce 
material incompressible condition; 1
i  and 1
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where 𝜎𝑎𝑚𝑎𝑥 is the isometric active stress at the longest sarcomere and maximum peak intracellular 
calcium concentration 𝐶𝑎𝑚𝑎𝑥; 𝐶𝑎0 is constant calcium concentration, here𝐶𝑎𝑚𝑎𝑥=𝐶𝑎0=4.35μmol/L; 















                                                 (27) 
where 𝑙0 is the sarcomere length at which no active stress generates;𝑙 is the instant sarcomere length, 
𝑙𝑅 is the sarcomere length in the unloaded reference configuration, and varies linearly from 1.78μm at 
endocardium to 1.91μm at epicardium [56]. In model Eq. (26), the model parameter 𝜎𝑎𝑚𝑎𝑥 needs to be 
determined based on LV volume and pressure at ED. 
In [57], finite element (FE) models were established for infarcted sheep LVs at 8wk after 
injecting calcium hydroxyapatite-based tissue filler based on 3D ultrasound images at ED and ES. 
Passive biomechanical property constant 𝑐 in the passive constitutive law Eq. (20) and the maximum 
active stress 𝜎𝑎𝑚𝑎𝑥 in the active stress model Eq. (26) were determined at ED and ES inversely. It was 
shown that the matrix stiffness was increased markedly and the wall stress in the infarcted zone was 
reduced significantly after the treatment. 
A FE model of a dog LV model with a large anteroapical infarct was developed in free FE 
software Continuity 6.3b based on MRI images at ES [58]. The myocardium passive model Eq. (20) 




its effect on LV pumping function. Firstly, the LV was inflated to 15mmHg from zero. Secondly, it was 
subject to an isovolumetric contraction at ED. Finally, the LV experienced an ejection and ended up 
with 100mmHg ES pressure. It was identified that the MI zone with high longitudinal stiffness but low 
circumferential stiffness can increase EDV, leading to the best stroke volume. This result is useful for 
designing therapies to improve LV pumping function by alternating MI zone biomechanical property. 
In [59,60], the constitutive law for passive myocardium proposed in [61], and the active stress 
in [62] were integrated together and implemented in a custom immersed boundary (IB)/finite element 
(FE) solver to estimate prognosis of MI based on patient-specific LV models generated by using MRI 
images at ED and ES. The passive strain energy function value of the LV wall was increased by 50times 
linearly from the remote to the MI zone, and the active tension is decreased from the reference tension 
𝑇max in the remote region to zero in the MI zone. The eight constants were determined by minimizing 
the difference in the strain and LV volume between MRI and IB/FE prediction at early diastole and ED, 
𝑇max tension was decided by the LV volume in ED and ES.  
3.9 LV model with active tension and electro-mechanics after MI 
In [63], the two-variable cardiac electro-mechanical model in [64], passive myocardium 
constitutive law in [61], generalized muscle contraction Hill’s model for active myocardium in [65] 
were put together to form a framework to predict the cardiac cycle of an LV with MI. In the integrated 
model, during isovolumetric contraction and relaxation phases and filling phase, the LV pressure was 
modelled with Signorini’s model, but during ejection phase, the pressure was determined with three-
element Windkessel model. MI zone was treated as stiffer scar without electro-mechanical and 
contractile effects.  
It is showed that a large-sized (covering 50o azimuthal angle range) MI can make LV pumping 
function poor in comparison with a small-sized (30o) MI [63]. 
2.10 Regional stress model after MI 
A widely used formula for calculating the meridional/longitudinal stress in myocardium was 
proposed in [66] based on the force balance on the coronal section as presented in Fig.7a and thin-







                                                              (28) 
where 𝜎𝑙 is meridional/longitudinal stress, 𝑅 is the radius of LV chamber inner surface, ℎ is thickness 
of LV wall, 𝑝 is LV chamber blood pressure. This formula is just applicable to the equator of LV. 
In [67], the other two expressions for estimating the circumferential mean stress in myocardium 
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                                                           (31) 
On the equator, r R= , thus 𝜎𝑐=𝜎𝑙 in Eq. (30) and two stresses are equal to 𝜎𝑙 in Eq. (28). Otherwise, 
𝜎𝑐>𝜎𝑙. Eq. (28) is the exact solution of thin-walled membrane mechanical model on the LV equator, 
while Eq. (30) is the approximate solution of thick-walled membrane mechanical model at anywhere 
on LV wall. 𝜎𝑐 in Eq. (29) is subject to (5-25)% errors against the stress from FEA, and 𝜎𝑐 in Eq. (31) 
is with (12-20)% errors, and there is no information about the error in 𝜎𝑙against the stress from FEA 
[67]. Since 𝜎𝑐  𝜎𝑙 is always held, attention should be paid to 𝜎𝑐 rather than 𝜎𝑙. Unfortunately, most 
existing work has been devoted to 𝜎𝑙 [68-71]. 
  In [68], Eq. (28) was applied to estimate mean LV wall stress at peak systolic pressure based 
on the integration of the short-axis and long axis curvatures from MRI images. However, this 
application seems incorrect because Eq. (28) is applicable to the LV equator only and 𝑅 is just the radius 
of LV chamber inner surface rather than the radius of the mid-wall curvature in the long-axis image. 
Further, Eq. (29) was used to estimate mean stress in LV wall as well. However, the stress from this 
equation is circumferential and has nothing to do with that from Eq. (28). 
Similar work was found in estimations of ES LV wall stress in patients with re-perfused MI 
based on the radius of the mid-wall curvature from MRI images [68-71]. Eqs. (28) and (29) were still 
in use. 
Based on the Laplace’s law, for thin-walled ellipsoidal membrane LVs, the circumferential 












                                                          (32) 
where 𝑅𝑐 is the radius of curvature normal to meridian of a LV mid-wall, 𝑅𝑚 is the meridional radius 
of curvature of the mid-wall. 𝑅𝑐 and 𝑅𝑚 were determined by fitting meridional contours measured on 
the rat healthy and infarcted LVs in vitro at both ED and ES, and the corresponding two stresses were 
estimated with Eq. (32) [72]. It was identified that the infarcted LVs are subject to a high-level stress in 
comparison with the healthy LVs.  
Before and after the infarcted region was removed surgically, i.e. by using surgical ventricular 
restoration (SVR) technique, MRI images of 40 patients were taken in [73]. The LV regional shape, in 




shape mathematical descriptors developed in [74]. The pressure-normalized stress 𝜎𝐸𝑆 𝑝𝐸𝑆⁄  and ES wall 
stress 𝜎ED were calculated in terms of the inner radius of curvature R  and local LV wall thickness h  
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where 𝑝ES is the ES pressure and is estimated by using systolic arterial pressure multiplied with a factor 
of 0.9 [75]. It is dominated that although SVR can reduce wall stress and improve LV systolic function, 
regional LV shape and function don’t change much. Eq. (33) is identical to Eq. (28) and was applied to 
the LV equator only. In fact, 𝜎𝐸𝑆 in Eq. (33) is 𝜎𝑙 in Eq. (31). 
𝜎𝑐 in Eq. (29) has been espoused to calculate LV regional wall stress at ED and ES in dilated 
cardiomyopathy in 17 patients in [76]. 𝜎𝑐  in Eq. (30) has been used correctly in determining the 
circumferential stress in normal, ischemic/MI and re-perfused myocardium of 25 mongrel dogs [77]. 
Ischemia can increase LV systolic length index (SLI), which is the systolic length measured between 
two markers on LV surface, and then divided by the systolic length at the baseline and multiplied by 
10, and stress level, and reperfusion can reduce SLI but not the stress level, as shown in Fig.8.  
Recent work indicates that ES wall stress is increased after acute MI and is an independent 
predictor of post-discharge heart failure, but MI size and microvascular obstruction are not [78].  
3.11 Modelling collagen fibre orientation in MI zone 
A biomechanical method was put forward to identify the effect of collagen fibril alignment on 
LV function post-MI based on a four-region (three for the remote and one for the MI), multi-scale, 
cylindrical model of infarcted LV in [79]. The remote zone was modelled with the constitutive laws 
expressed with Eqs. (20) and (26). The MI zone was composed of matrix material and one filament of 
crimped collagen fibrils developing on the surface of a cylinder in a helical pattern. The parameters 
describing the geometry of the family of collagen fibrils include axial length and radius of the cylinder, 
and the radius and spiral angle of the filament.  
The strain energy function of MI zone is composed of the neo-Hookean model 𝜓𝑚 for the 
mechanical property of the matrix and the strain energy function 𝜓col  for individual filaments of 
collagen fibrils and yields the following expression  
{
𝜓IF = (1 − 𝑉col)𝜓𝑚 + 𝑉col𝜓col
𝜓𝑚 = 𝑐𝑚(𝐼1 − 3)






                                                    (34) 
where 𝑉col is the volume fraction of collagen fibrils in MI zone, 𝑉col=0.4; 𝑐𝑚 is the matrix material 
constant, 𝑐𝑚=5.72kPa; 𝐼1 is the first invariant of the right Cauchy-Green deformation tensor; 𝜆col is the 




which is a function of stiffness of filament 𝐾col (=1.16MPa), radius of filament 𝑟col and radius of the 
cylinder 𝑅col where a filament develops, 𝑅col 𝑟col⁄ =2.39; 𝜃0 is the crimp angle of a filament, 𝜃0=25.5
o; 
the expression of 𝑃col can be found in [80].  
The simplified four region LV structure was analysed by using thin-walled membrane 
mechanical mode. The model is with fixed boundary condition on top of the LV along with two 
constraints in stretches and shear deformation in four regions in the circumferential and longitudinal 
directions under a pressure load. The collagen fibre angle was changed between -90o and +90o to 
identify its effect on LV pumping function. It was illustrated that for maximized LV function collagen 
fibres should be orientated longitudinally [79]. 
Notice that there is no evidence showing that collagen fibres around myofibre sheet are crimped 
collagen fibrils currently. Thus, the collagen fibre model used in [79] doesn’t sound reasonable, and the 
cylindrical LV model in it is also out of date.  
Based on observations on microscopical structure and orientation of large collagen fibres in the 
porcine and canine myocardial scars after MI, a biomechanical model was established for the large 
collagen fibres in the scars in terms of five coefficients determined by transmural variation of collagen 
fibre orientation in [81]. MI scars are highly aligned in each transmural layer and mean collagen fibre 
angle varies in a similar manner to healthy myofibres but with a narrow variational range across the LV 
wall. In each transmural layer, the orientation of individual large collagen fibre is measured from the 
local mean fibre angle, and the material coordinate system is aligned with the mean fibre orientation, 
cross-fibre and radial directions. Because the large collagen fibre is perpendicular to the radial direction, 
the radial component of the fibre directional vector is eliminated, and the collagen fibre directional 















]                                (35) 
where 𝑖 stands for an individual large collagen fibre, 𝑖 = 1,2, . . . , 𝑘, and 𝑘 is the total number of large 
collagen fibres; 𝜃𝑖 is fibre angle of individual large collagen fibre 𝑖;𝜃𝑚𝑒𝑎𝑛 is mean fibre angle of large 
collagen fibres; 𝐸ff, 𝐸fc,…,𝐸rr are the Lagrange-Green strain components in the material coordinate 
system. It was assumed that scars are incompressible hyperelastic material with an experiential strain 
energy function like Eq. (20), but with two terms such as isotropic term and collagen fibre term in the 






𝑞 = 𝑏1(𝐼1 − 3) + 𝑏2[𝑏3𝐸ff
2 + 𝑏4𝐸cc
2 + 𝑏5(2𝐸ff𝐸cc + 𝐸fc
2 + 2𝐸fc𝐸cf + 𝐸cf
2)
    +𝑏6(2𝐸ff𝐸fc + 2𝐸ff𝐸cf) + 𝑏7(2𝐸fc𝐸cc + 2𝐸cf𝐸cc)]
                    (36) 
where 𝑐, 𝑏1 and 𝑏2 are biomechanical constants, 𝑏3 to 𝑏7 are the constants related to collagen fibre 
orientation and histological collagen area fraction measured at each transmural layer. Theses constants 
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               (37) 
where ℎ𝑖  is weighted histological collagen area fraction, ( )i meanF  −  is histological collagen area 
fraction.  
Constants 𝑏3  through 𝑏7  were calculated from collagen fibre angle distributions measured 
transmurally in a 3wk aged porcine scar and the stresses along the fibre and cross-fibre directions were 
estimated with the biomechanical constants 𝑐=0.5kPa, 𝑏1=1.0 and 𝑏2=100 under an equal-biaxial 
tensile condition, showing a variable stress pattern across the scar wall, especially the stress along the 
fibre direction. The stress is 45 times higher than the stress along the cross-fibre direction at 50% wall 
depth in the scar [81]. 
Very recently, effects of collagen fibre pattern on MI scar biomechanical behaviour of a rat LV 
sample were numerically investigated in [82] based on in-plane 2D multiscale FE method, which was 
proposed in [83,84]. Three collagen fibre patterns, i.e. isotropic, homogeneous (all fibres with a 
preferred orientation), heterogenous (fibres preferred orientations depending on regions), were 
generated artificially. The collagen fibre was modelled with an exponential constitutive law in items of 




(𝑒𝐵𝜆𝐺 − 1)                                                         (38) 
where 𝐹 is fibre force, 𝜅 is fibre modulus, 𝜅=10MPa, 𝐴 is fibre cross-sectional area, 𝐴=0.0314mm2, 𝐵 
is model constant, 𝐵=2.5, and 𝜆𝐺 is fibre Green strain. The FE model size is 4mm×4mm and 0.25mm 
thick, the model is subject to uniform biaxial in-plane extension at its edges.  
It was demonstrated that the heterogenous fibre orientation pattern can result in more reduced 
anisotropy and higher intensified local stress level than the homogeneous pattern. This fact suggests 
that such a heterogenous pattern may impair myocardial biomechanical property potentially.  
4 LV aneurysm modelling post-MI 
4.1 LV Aneurysms after MI 
 LV aneurysms are thin-walled fibrous outpouchings of LV without contractibility and mainly 
located at LV apex. LV aneurysms occur after transmural MI likely prompted by the use of steroids and 
nonsteroidal anti-inflammatory agents [85] at an incidence rate of (3.5-5)% [86]. LV aneurysms can 
result in congestive heart failure, thromboembolism and late heart rupture [85].  
In consequence, LV aneurysm formation has been investigated from a mechanical point of view 




function; (2) deformable multi-layer model; (3) deformable multi-layer model with isotropic nonlinear 
myocardium; (4) single-layer balloon model with isotropic nonlinear myocardium; (5) biomechanical 
properties of LV aneurysms. 
4.2 Rigid aneurysm model 
LV chamber volume change was studied theoretically from ED to ES by employing a rigid 
aneurysm model in [87]. A spherical LV with an aneurysm in circular or rectangular-square shape was 
assumed in ED and ES firstly. Then the LV chamber volumes were calculated under the condition where 
the aneurysm shape and size were fixed in both ED and ES. The percent shorting of myocardium (PSM) 
was clarified in terms of the percent inactive myocardium for a circular aneurysm and rectangular-
square aneurysm. Based on an LV example, it was demonstrated that a rectangular-square aneurysm 
could induce a larger PSM than a circular did at the same PIM value. 
In this rigid or fixed aneurysm model, there is a sharpen discontinuity between the remote and 
the MI zone at ES. This behaviour is unrealistic because aneurysms are still deformable even without 
contractility.  
4.3 Deformable multilayer models 
LV wall is composed of four-layer myofibre muscle arrangements originating the 
atrioventricular ring and running in a spiral manner around LV chamber [88,89]. The four-layer cross-
sectional structure is present in Fig.9, including pericardial superficial bulbo-spiral muscle, deep bulbo-
spiral muscle, deep sino-spiral muscle and endocardial superficial sino-spiral muscle, respectively [89]. 
The deep bulbo-spiral muscle forms around 60% LV wall thickness at the base and attributes 
to the final emptying of LV and maintains systemic blood pressure at ES. Damage to this muscle can 
result in a considerable fall of blood pressure and frequent sudden death. When this muscle buddle is in 
relaxation, the aortic valves close. The sino-spiral muscle usually forms 30% LV wall thickness at the 
base [90]. 
When MI occurs, infarcted cardiac muscle becomes powerless to contract but with a certain 
tensile strength firstly. Then the dead muscle is liquefied by autolysis and cellular reaction taking place 
with the nearby healthy tissue. At the margin of the infarct, fibroblasts and capillaries grow and spread 
into the MI zone and eventually replace the zone with mature collagen fibrous tissue. Further on, the 
collagen tissue dehydrates and leads to a dense scar of the fibre [88].  
Obviously, at the MI liquefying stage, the MI is subject to the weakest mechanical strength. In 
a cardiac cycle, the LV chamber is under the maximum pressure loading during the isometric phase just 
before the aortic valves open. In these two circumstances, an aneurysm most likely arises. This problem 
was tackled at the MI liquefying stage and in the maximum pressure loading in [88] originally and an 




In the method, an LV sphere model with multi-layers was put forward. In the model, LV and 
aneurysm shape are always spherical. The LV model yields thick-walled mechanical membrane model. 
Firstly, it was assumed that the thickness of two segments in the aneurysm remains the same as the 
remote region during deformation and an incompressible condition is held for the infarcted zone, i.e. 
the liquid pocket volume is equal to the volume as the muscle. Then, by applying thick-walled 
mechanical membrane model into two segments in an aneurysm and eliminating the fluid pressure in 
the infarct, a stress equilibrium equation is achieved [88]. To determine two unknowns, a constitutive 
law for myocardium is needed, and it was assumed that the total stress in human cardia muscle is a 
linear function of the muscle length based on experimental data on frog’s skeletal muscle during 
isometric contraction in [91]. Finally, the height factors of an aneurysm for inner and outer segments 
are calculated from two knowns. For the hypertrophied LV, its height factor is smaller than the normal 
size LV at the same infarction angle.  
 The previous model was updated in [92] by removing its two limitations: (1) the centres of two 
spherical surfaces of the inner or outer segments remain identical during deformation; (2) the segments 
thickness keeps unchanged. In the updated model the volumes of the inner and outer segments are 
constant. As a result, there are four unknown angles for the aneurysms. Fortunately, there are four 
equations as well; one equation is the stress equilibrium equation, and three are the equations based on 
the incompressible conditions imposed on the inner and outer segments and liquefied infarct. Their 
detail can be found in [92].  
 This deformable multi-layer model was extended to an ellipsoidal LV shape but aneurysms on 
its apex are still spherical in [93]. The stress equilibrium equation and three equations of the 
incompressible condition for the outer, inner segments and liquefied infarction were derived based on 
an ellipsoidal LV model. But the idea and method for modelling aneurysm formation remain the same 
to [92]. 
4.4 Deformable multi-layer model with isotropic nonlinear myocardium 
 In Section 4.3, the cardiac muscle constitutive law is regarded as a linear function of LV radius 
during isometric contraction based on experimental data of frog’s skeletal muscle in isometric 
contraction state. This assumption seems approximate and reasonable. However, if aneurysms are 
interested to predict during diastole, this linear constitutive relationship will be invalid.  
In [94], the aneurysms of two dog LV models were predicted based on a nonlinear passive 
constitutive law for myocardium during diastole, which reads as:  
( )1kA e  = −                                                                (39) 
where A , k  are elastic constants decided from the experimental diastolic p -V  curves,   is the natural 




For the remote myocardium, before an aneurysm occurs, two segment layers are in the ring 
shapes with radii a , 1a  and b , 1b , respectively, and their stress-strain relationships are written as  
( ) ( ) ( )
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where subscript ‘0’ denotes the LV reference configuration (early diastole). After an aneurysm occurs, 
the stress-strain relationships of the two segment layers are in the following forms 
( ) ( ) ( )
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Eventually, two ratios   ,    are expressed by the following equations from Eqs. (40) 
and (39) 
( ) ( )


















                                                       (42) 
After Eq. (42) is coupled in the stress equilibrium equation and the LV reference configuration, 
diastolic p-V curve, LV wall passive mechanical property constants A , k , damage angle, the equation 
can be solved along with five incompressible conditions and four geometric relations for ten unknowns 
numerically and iteratively. The detail of this process is present in [94]. It is demonstrated that an 
increasing damage angle can result in a significantly rising    and a dramatical LV wall thinning 
effect, eventually being favourable to LV rupture.  
4.5 Single-layer balloon model with isotropic nonlinear myocardium 
 When a spherical balloon with rubber-like material, which is subject to a constitutive law in 
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                                        (43) 
where a  to d  are positive material property constants, 1I  and 2I  are the first two invariants of three 
principal stretches, 1 , 2  and 3 , 
2 2 2
1 1 2 3I   = + + , 
2 2 2 2 2 2
2 1 2 2 3 1 3I      = + + ; under an increasing 
transmural pressure, the balloon volume rises with the pressure until 1 =1.5. Beyond that stretch and 
until 1 =3.84, the balloon volume decreases with the pressure. At 1 >3.84, the balloon volume 
increases with the pressure once more. Thus, at 1 =1.5, the balloon exhibits an elastic instability and 
shows a blowout effect [96]. 
 For a spherical balloon with rubber-like material described by the Ogden type of strain energy 
function such as 
( )1 2 3 3k k k
c
k




when constant k  is in the range of (-3/2, 3), at 1 =1.5, the blowout effect comes to exist as well [97].  
 In [97], a human LV was considered single-layer membrane sphere with an infarcted zone on 
top, as shown in Fig. 10a. When the Ogden model Eq. (44) with k =2 was applied, at a certain 
transmural pressure the infarcted zone can blow out as illustrated in Fig. 10b. For passive human 
myocardium, the constant is k =18. In this case, the infarcted zone cannot blow out to form an aneurysm 
during diastole.  
 During systole, k =18 is applicable to the infarcted region, the remote region can contract to 
the critical sarcomere length ratio (1.18) against 50, 100 and 150mmHg ESPs, respectively. It is 
demonstrated that the infarct can blow out to generate an aneurysm, especially at a lower ESP, see Fig. 
10c-e. The reason for this effect was that the same active tension was applied to three different ESPs. 
In the predictions, LVESV enclosed by the remote myocardium should be kept the same by increasing 
active tension at these different ESPs. 
 Except the biomechanical property factors shown above, a few parameters such as heart beating 
rate, myocardium contractility and afterload are related to an aneurysm bulging based on an in vitro 
experimental study on the bulging in [98], thus, to avoid an aneurysm bulging hemodynamic 
management may be needed.  
4.6 Biomechanical properties of LV aneurysms 
 LV aneurysm tissue samples of eleven MI patients (nine chronic aneurysms and two acute 
aneurysms after MI) were studied by using uniaxial tensile test in vitro in [99]. The samples were fibrous, 
fibrous and muscular, and muscular aneurysms, respectively. The experimental stress-length data were 
best fitted with the following exponential function 
( )1 1b l l lae c
−
= +                                                               (45) 
where a , b , c  are property constants, 1l  is the sample length at 100g/cm
2 stress (1g force), b  is used 
to clarify variations of aneurysm tissue stiffness. For the fibrous, fibrous and muscular, and muscular 
aneurysms, the mean b  values are 130, 28 and 17 in comparison with 32±2 of the mean of seven normal 
cat papillary muscles [99]. 
 In [100], an axis-symmetrical thick-walled FE model of human LV with a chronic apical 
aneurysm was established and loaded with a variable LV diastolic pressure increasing from zero to 
12mmHg during diastole. The LV wall is an isotropic nonlinear material, and its passive constitutive 
law is indicated by the following strain energy function [100] 
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where 𝑎  and 𝑏  are positive property constants,   is Poisson’s ratio for an isotropic material, 𝜈 =
− 𝑙𝑛 𝜆𝑡𝑟 𝑙𝑛 𝜆⁄ ,   is the stretch in the direction of uniaxial load, 𝜆𝑡𝑟  is the transverse stretch to the 
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=  should be held. Then, the first principal Cauchy stress under uniaxial load is expressed in 
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where the material property constants 𝑎 and 𝑏 were best fitted by using uniaxial test data for aneurysm 
tissues [100], and the measured p-V curve of healthy human LVs based on a spherical LV model [101]. 
These constants were assigned to the MI zone and remote zone, respectively, in the FE model, while 
𝜈=0.45 was applied to both the zones. p-V curves were extracted from results predicted by FEA. It was 
identified that the curves are shifted substantially to the left of the normal p-V curve, and their slope 
increases with aneurysm size. 
MRI images of a sheep LV were taken at 10wk after MI with aneurysm, a FE model was 
generated by fitting eight short-axis and four long-axis MRI image slices at the start of diastole. The 
passive and active constitutive laws in Eqs. (20), (25)-(27) were applied to the remote, border and 
aneurysm zones with different constants C  and 𝜎𝑎𝑚𝑎𝑥 but the same 𝑏𝑓, 𝑏𝑠 and 𝑏fs. The FE model was 
loaded with 7.5mmHg LVEDP and 60mmHg end-isometric contraction LV pressure with a set of 
temporary 𝑐 and 𝜎𝑎𝑚𝑎𝑥. Two LV configurations at ED and end-isometric contraction were compared 
with the corresponding LV configurations extracted from MRI images to get an error between them. 
Then 𝑐 and 𝜎𝑎𝑚𝑎𝑥 were altered and a new FEA was launched to check the error, such a cycle was 
repeated until a reasonable error achieved [56]. 
It was indicated that only when 𝜎𝑎𝑚𝑎𝑥 of the border zone was reduced by 50% the observed 
stretching of border fibres in isometric contraction can be reproduced. 𝑐 of the passive aneurysm has 
little effect on isometric contraction of border zone. This suggests that contraction dysfunction in border 
zone is responsible for the myocardium contractile dysfunction [56]. 
The passive and active constitutive laws in Eqs. (20), (25)-(27) have been applied to investigate 
the diastolic stiffness necessary condition under which MI achieve akinesis in [102], to calculate stress 
in an ovine LV with aneurysm in [103], to simulate surgical anterior ventricular restoration (SAVER) 




repair of their LV aneurysms in [105], to optimize the algorithm for efficiently determining the 
maximum active tensions in remote and border zones in [106] and to decide the optimum material 
injecting locations in a LV with aneurysm in [107,108]. Recently, they were employed to identify 
temporal changes in material properties in MI zone based on late gadolinium enhancement (LEG)-MRI 
images of the pig LV at the baseline, 1, 4, 8 and 12wk after MI in [109]. The properties in vivo 
assessment agreed well with the ex-vivo biaxial tensile tests. 
5 Growth modelling after MI 
Living soft tissue can increase its mass and change its biomechanical property to respond to an 
altered environment from a biomechanical point of view [110]. The mass change is related to growth 
after MI and the biomechanical property alternation is concerned in remodelling process. Myofibre and 
fibroblast can grow and remodel themselves when the environment which relies on varies, for example 
aging and disease. Additionally, tissue fibre orientation and microstructure can adapt during cardiac 
growth and remodelling as well [111-113]. After MI, the collagen fibre growth and remodelling are 
critical for MI healing and LV pumping function recovery. The modelling of growth and remodelling 
can be useful for understanding of healing mechanism and assessment of LV pumping function.  
5.1 Collagen concentration post-MI 
After MI extracellular matrix (ECM) turnover exists, including ECM construction and 
destruction. Macrophage plays a critical role in regulation of ECM turnover. In the regulation, 
macrophage not only releases transforming growing factor β (TGF-β) to stimulate fibroblasts for 
producing collagen fibres, but also secretes matrix metalloproteinases (MMPs) or tissue inhibitor of 
metalloproteinases (TIMPs) to degrade the collagen fibres [114-118]. If ECM construction and 
destruction are imbalance, congestive heart failure, LV aneurysm, rupture and so on can be present, as 
seen in Fig. 11a [119].  
Key factors regulating ECM were identified experimentally by examining the most significant 
variations in ECM gene expression in MI region in comparison with gene expression in remote region 
at 1wk after MI and in normal LV of the control group in [120]. These key factors identified include 
macrophage, fibroblast, TGF-β, MMP-9 and collagen I. The regulating mechanism and pathways for 
these factors to control collagen construction and destruction are illustrated in Fig. 11b. The ordinary 
differential equations (ODE) for macrophage, TGF-β, fibroblast, activated MMP-9, bound MMP-9 and 















= 𝑀(𝑇𝛽) − 𝑑𝑀𝜙 × 𝑀𝜙
𝑑𝑇𝛽
𝑑𝑡
= 𝑘𝑀𝜙𝑇 × 𝑀𝜙 + 𝑘𝐹𝑇 × 𝐹 + 𝑢𝑇 − 𝑑𝑇𝛽 × 𝑇𝛽
𝑑𝐹
𝑑𝑡
= 𝑘𝐹 × 𝐹𝑔(𝑇𝛽) × 𝐹 × (1 − 𝑘𝑐𝑟) − 𝑑𝐹 × 𝐹
𝑑[𝐶𝑀9]
𝑑𝑡
= 𝑘𝑜𝑛 × 𝑀9𝐴 × 𝐶 − 𝑘𝑜𝑛𝑐 × [𝐶𝑀9]
𝑑𝑀9𝐴
𝑑𝑡
= 𝑘𝑀𝜙𝑀9 × 𝑀𝜙 × 𝐻(𝑇𝛽) + 𝑘𝑜𝑓𝑓 × [𝐶𝑀9] − 𝑘𝑜𝑛 × 𝑀9𝐴 × 𝐶 − 𝑑𝑀9 × 𝑀9𝐴
𝑑𝐶
𝑑𝑡
= 𝑘𝐹𝐶 × 𝐹 × 𝐹𝐶(𝑇𝛽) × 𝐹𝐶(𝐶) + 𝑘𝑜𝑓𝑓 × [𝐶𝑀9] − 𝑘𝑜𝑛 × 𝑀9𝐴 × 𝐶
  
           (49) 
where 𝑀, 𝑀𝜙, 𝑇𝛽, 𝐹, [𝐶𝑀9], 𝑀9𝐴 and 𝐶 stand for the concentrations of monocyte, macrophage, TGF-
β, fibroblast, bound MMP-9, activated MMP-9 and collagen fibre, respectively; 𝑘𝑀𝜙, 𝑘𝑀𝜙𝑇, 𝑘𝐹, 𝑘𝐹𝑇, 
𝑘𝑜𝑛, 𝑘𝑜𝑛𝑐 , 𝑘𝑀𝜙𝑀9 , 𝑘𝑜𝑓𝑓 and 𝑘𝐹𝐶  are known chemical reaction rate constants; 𝑑𝑀𝜙 , 𝑑𝑇𝛽 , 𝑑𝐹  and 𝑑𝑀9 
are known degradation rate constants; 𝑢𝑇 is MI scar size; 𝐹𝑔(𝑇𝛽), 𝐹𝐶(𝑇𝛽), 𝐹𝐶(𝐶) and 𝐻(𝑇𝛽) are known 
empirical correlations; 𝑘𝑐𝑟 = 𝑘𝑚 + 𝑀𝜙 𝜌𝑀𝜙⁄ + 𝐹 𝜌𝐹⁄ + 𝐶 𝜌𝐶⁄ , 𝜌𝑀𝜙 , 𝜌𝐹  and 𝜌𝐶  are the maximal 
density of macrophage, fibroblast and collagen fibre, 𝑘𝑚 is the rate of myocyte death 𝑘𝑚 = 0.17 +
0.56𝑒−𝑑𝑚𝑡, 𝑑𝑚=0.05 [120].  
The ODEs in Eq. (49) were solved in MATLAB for variables 𝑀𝜙, 𝑇𝛽, 𝐹, 𝑀9𝐴, [𝐶𝑀9] and C
under an initial boundary condition and with related rate constants. Effects of intervention applied to 
MI at different MI ages on collagen concentration were evaluated by using the model. The intervention 
applied at 1wk post-MI can archive the best collagen concentration profile from 2wk after MI [120]. 
5.2 Fibroblast growth modelling 
Inflammation, tissues formation, angiogenesis, tissue contraction and tissue remodelling 
usually occur in sequence during the dermal healing process in injured skin. The interaction between 
ECM and fibroblasts, which are the cells in 100µm length forming collagen fibres in 1µm in diameter, 
is one key event in the process [121]. After the blood clot being formed during the inflammation, white 
blood cells entre the wound zone, then fibroblasts migrate into the zone and start replacing the clot with 
collagen fibres and new tissue is generated. After the new tissue has been remodelled, a scar is formed.  
A few interactions between EMC and fibroblast exist in the healing process. Fibroblast 
movement is guided by the orientation of EMC and collagen fibrils are formed by procollagen 
molecules released from the cell surface of fibroblasts [121]. Obviously, wound healing process 
modelling is essentially to model the orientation of moving fibroblasts by considering the interactions 
between EMC and fibroblast. A 2D multiscale orientation model was developed in [121] based on 
continuum EMC and discrete fibroblast cells.  
This mathematical model was extended into a 2D multiscale model for MI healing process in 
[122] by considering collagen fibre mean orientation and area fraction based on experimental results of 
cryo-infarct scars [123]. The model includes three sub-models for fibroblast generation, fibroblast 




collagen deposition rate, and collagen degradation rate change with chemokine concentration linearly 
in the maximum and minimum values [122]. The 2D reaction-diffusion equation of chemokine 
concentration due to the generation of inflammation is written as 
,deg ,gen2
,deg
,  in MI










                                               (50) 
where 𝐷𝑐  is chemokine diffusion coefficient, cC  is chemokine concentration, ,degck  is chemokine 
degradation coefficient, 𝑘𝑐,𝑔𝑒𝑛 is chemokine generation coefficient.  
Once MI occurs, myocardium strain components in MI region will differ from those in the 
remote region and be subject to a considerable variation across the border between two regions. The 
strain field is continuous across the border and described by a cumulative normal distribution with a 




















= +                                          (51) 
where ( ),r   is a strain component in MI region, remote  and MI  are strain components in the remote 
and the centre of MI, respectively, remote =-0.05 in the circumferential and longitudinal directions, MI
=0.05 in the two directions (biaxial case) or 0.05(circumferential) and 0(longitudinal) (uniaxial case) 
[122], ( )MIr r  is the radius of MI border, and   is standard deviation for specifying the width of strain 
transition across the border,  =0.08.  
Fibroblasts were considered discrete discs in 5µm radius and their orientation vector ?⃗? was 
decided probabilistically by cues such as chemokine concentration gradient, strain anisotropy, fibre 
alignment and existing fibroblast orientation. ?⃗? depends on individual orientation vector 𝑐𝑖⃑⃑  of the cues, 












𝑛=−∞ , 𝜒cf=-2ln‖?⃗?‖, 𝜃cf ∈ [−𝜋, 𝜋]        (52) 
where 𝑐𝑖 is weighted and normalized individual cue orientation vector, 𝜄 is persistence turning factor 
for the existing orientation of fibroblasts,   should ensure ln‖?⃗?‖ < 1 , 𝜑(𝜃cf; 𝜃cf, 𝜒cf)  is wrapped 
normal probability density function, 𝜃cf is orientation angle, 𝜃cf is mean orientation, 𝜒cf is orientation 
standard deviation. 
 Collagen fibres in the EMC of the cell where fibroblasts are located can be degraded, deposited 
and rotated to realize remodelling process. Fibroblasts degrade the fibres at a rate related to the local 
collagen and chemokine concentrations and deposit the fibres along the current cell orientation at a rate 
as a function of local chemokine concentration. Fibroblasts rotate the fibres toward parallel the current 
cell orientation at a rate as a function of difference between the cell and the collagen fibre orientations. 












𝑘cf,rot‖𝑠𝑖𝑛(𝜃cell − 𝜃cf)‖, 𝜃cell − 𝜃cf  in quadrants I and III
−𝑘cf,rot‖𝑠𝑖𝑛(𝜃cell − 𝜃cf)‖, 𝜃cell − 𝜃cf  in quadrants II and IV
                         (54) 
where 𝑁cf  is number of collagen fibres in the fibroblast cell boundary, 𝑘cf,gen(𝐶𝑐) is collagen fibre 
generation rate,  is the estimated maximum number of collagen fibres per unit area, 14000fibers/µm2, 
cellR  is the radius of a fibroblast, 𝛿(𝜃𝑐𝑒𝑙𝑙) is delta function enforcing collagen fibres deposition along 
the cell orientation only, 𝜃cell is fibroblast cell orientation, 𝑘cf,deg(𝐶𝑐) is collagen fibre degradation rate 
coefficient. Non-collagen fibres have not deposition but degradation and modelled by 
𝑑𝑁ncf
𝑑𝑡
= −𝑘ncf,deg(𝐶𝑐)𝑁ncf                                                         (55) 
where 𝑁ncf  is number of non-collagen fibres in a fibroblast cell, 𝑘ncf,deg(𝐶𝑐) is non-collagen fibre 
degradation rate coefficient. The model of Eqs. (50)-(55) was called the agent-based model in [122]. 
The determination of the model coefficients in Eqs. (50)-(55) and numerical method for solving 
the equations can be found in [122]. Under the equal-biaxial condition, the collagen fibre orientation is 
random without dominant direction. Under the uniaxial condition, however, a dominant orientation 
occurs. These results suggest that the mechanical stimuli can modulate MI healing pattern. More results 
of collagen fibre growth pattern during MI healing process can be found in [124].  
5.3 Coupled fibroblast growth and microstructure-based modelling 
The first multiscale model. i.e. agent-based model was established for collagen fibre growth in 
MI scar healing process. The model was coupled with finite element model (FEM) to predict the scar 
fibre structure after MI in [125]. A squared scar patch with 100µm length and width is isolated on the 
epicardium of an LV and modelled. FEM was accommodated in an open source code-FEBio developed 
by the University of Utah. The strain energy function for the incompressible scar tissue was originated 
from [81] but with some modifications and is written as 
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where 1b  to 9b  are positive model constants, 1I  is the first invariant of the right Cauchy–Green 
deformation tensor, ijE  are Lagrange finite strain tensor components, subscripts 1, 2 and 3 specify the 
circumferential, longitudinal and radial directions, respectively; 4b  to 9b  are model constants relating 
to collagen fibre orientation and calculated by the following expressions 
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where cfk  is collagen fibre stiffness, cfN  is number of collagen fibres, cf  is fibre azimuth angle, 
 cf ,   − + , cf  is zenith angle,  cf 2, 2   − + . In the model, 6b , 8b  and 9b  are negligible small. 
The results showed that fibroblasts alignment in the orientation of the greatest strain/stretch can reduce 
the level of anisotropy of collagen fibres in the scar. 
 The 2D planar agent-model presented in Section 4.2 was extended into 3D spherical agent-
model in [126]. The biomechanical model was a simplified version by keeping the first two terms in 
the constitutive law for passive myocardium in [61]. In the remote region, the strain energy density 









− 1}                                    (58) 
where 𝑎, 𝑏,𝑎cf and 𝑏cf are model parameters, 𝐼1 and 𝐼4(𝜃cf) are invariants of the right Cauchy-Green 
tensor.  
Collagen fibre volume fraction cfV  and fibre orientation density function in MI region are 
involved to reflect the growth of MI scar and the change in fibre orientation and are updated by using 
the agent-model. The corresponding strain energy function is modified as follows 
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                       (59) 
where 𝑁cft  is total number of collagen fibres at a time, the integral is operated when ( )4 cfI  ≥1, 
otherwise the fibres are not in engagement.  
The biomechanical model above was coupled the agent-model by employing idealized rat LV 
with circular and elliptical disc shaped MI at ED and solved in finite element analysis program (FEAP) 
(University of California at Berkeley). The collagen fibre structure in the LV wall was generated by 
using the method for myofibres. The predicted results illustrated that MI shape can affect collagen fibre 
structure during scar healing process.  
 Note that in the remote region, the LV tissue should be healthy myocardium rather than collagen 
fibres specified in the model Eq. (59), thus, cfa  and cfb  in the equation should be in terms of healthy 
myocardium. In the MI region, cfa  and cfb  are the model constants for collagen fibres.  
5.4 Growth modelling of along myofibre orientation 
In [127], the remodelling process of an LV after MI was regarded as an isochoric myofibre 
growth process where growth is along the fibre orientation 0f  but shrinks in the cross-fibre direction 
0
s  and remains unaffected in the sheet normal direction 0n  in passive state. Then the growth 
deformation gradient tensor is expressed by 
0
1g
0 0 0 0 0
F f f s s n nl
l




where l  is a scalar growth variable that was driven by the Cauchy stress along the myofibre, and its 
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where 
max
l  is the maximum sarcomere lengthening, m is a power, lt  is adaptation rate, 
crit  is the stress 
threshold for growth, ( )tr   is the trace of the Cauchy stress tensor, etF S Fe e = g g , F e  is the 
deformation gradient tensor of elastic part, S e is the second Piola stress tensor calculated by the strain 
energy function, Eq. (20), in terms of the elastic Green-Lagrange strain tensor ( )0 5E . F F Ie eT e= −g , I  
is the unit tensor.  
This growth model was involved into LS-DYNA to predict myofibre growth in a patient-
specific LV geometry in two cases: one is cardiac growth with MI, the other one is cardiac growth after 
MI was removed surgically. The results agreed conceptually with clinical observations and an LV with 
the removed infarcted zone didn’t recline the driving force for myocardium growth or remodelling. 
However, the model is challenged with that cardiac growth in MI region is collagen growth rather than 
myofibre growth. How to make the model applicable to the collagen growth is not included in [127]. 
5.5 Growth modelling of LV along two orientations 
In [128], the model for cardiac growth after MI above was extended in the sheet direction to 
involve LV wall thinning effect by considering myocyte death due to a short supply in oxygen (O2) 
concentration 
2O
c  after MI in passive state. The ODE for 
2O
c  concentration diffusion in myocardium 








= +gq                                                        (62) 
where 
2
qO  is the diffusion flux in the myocardium, 2 2 2qO O OD c= −  , 2OD  is the diffusion coefficient, 
2O
Q  is the O2 source. The growth deformation gradient tensor for LV wall thinning is expressed by 
( )1g 0 0F I n nsl= + −                                                           (63) 
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where lst , minsl  and sm  are the model constants.  
 Collagen fibre degradation concentration colc is due to changes in metalloproteinase 
concentration 
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where m  and MMPa  are the model constants, 
in
MMPc  is the initial MMPc . Collagen fibre destruction makes 
LV in dilatation. Then a growth deformation gradient tensor and its corresponding scalar growth 
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where 
fl
t , f maxl  and fm  are the model constants.  
The strain energy function for passive myocardium in [61] was used as biomechanical model 
for LV wall with MI. These models above were embedded in Abaqus. This growth model has provided 
an insight into LV remodelling after MI by integrating chemical reactions and biomechanical models 
for passive myocardium.  
5.6 Integrated electromechanical volumetric growth modelling 
 An integrated electro-mechanical-growth LV model was put forward to simulate cardiac 
therapies after MI [129]. The integrated model includes two sub-models, namely the LV wall volumetric 
growth model and electro-mechanical model. In the volumetric growth model, an increased or a reduced 
cyclical LVEDP was applied to induce a growth (increase in LV chamber and wall volumes) or reverse 
growth (shrinkage in LV chamber and wall volumes) [130].  
In the electro-mechanical model, the myocyte electric model for transmembrane voltage, 
transmembrane and intracellular ion currents, calcium binding to troponin C and exposure of cross-
bridge binding sites in [131,132] and the biomechanical model for passive LV wall in Eq. (20) are 
linked together by the total Cauchy stress along myofiber 
( )f f a maxS, , ,p a d dt= +                                                           (67) 
where S  is cellular state vector related to the ion cycling and contracting force generate in myocytes 
and serves as the coupling variable between electrophysiology and biomechanics.  
 The issues on separation of the timescale between growth and elastic deformation, elasticity 
tensor transformation and residual stress release were explained [129]. Since the whole LV p-V loop 
was simulated, the Windkessel model and aortic valve function were involved to establish a cardiac 
cycle.  
Note that the integrated electro-mechanical-growth model proposed in [129] is only for the 
myocardium in the remote and border zone. There is just a 0.5 amax  active tension on the border zone. 




biomechanical model can be altered in the simulations [129] to show the stiffness in biomechanical 
property from the remote region. It was shown that a stiffer MI can suppress the right shift of p-V loop 
to maintain the normal LV pumping function. In fact, the growth and remodelling and collagen fibre 
orientation variation in MI region are not tackled in [129]. 
6 Discussion and perspective 
In this article, mathematical models and modelling methods in biomechanics of infarcted LVs 
have been summarized and reviewed in detail, especially some comments were provided to them. Such 
a review has not been seen in the literature so far. The reviewed models span basic p-V and stress-stretch 
models to quite complicated integrated growth-electro-mechanical model via comprehensive 
cardiovascular system model. These models have performed a critical role in understanding of 
remodelling process after MI and assessment of treatment methods with MI as well as exploration of 
new therapy techniques for MI treatment. In consequence, excellent outcomes have been achieved, 
especially after 2000’s. Regarding to the limitations in these models, a few suggestions are drawn. 
In the cardiovascular system model with MI effects [14], MI size and compliance have been 
involved explicitly and the p-V loops can be estimated before and after MI. However, this model is for 
bovine cardiovascular system rather than for human cardiovascular system. The model parameters, 
especially LV elastance and its changes, need to be validated based on clinical data of the human 
cardiovascular system under heathy and MI conditions. The responses of venous and arterial blood 
pressure and flow rate to MI remodelling need to be predicted and clarified with the model. The 
ventricular-arterial interaction post-MI can be studied by employing the model. Influences of 
haemodynamics on LV remodelling/growth, LV pumping function and LV failure are worthy being 
considered and investigated in the model. 
Recently, myofiber remodelling/growth was predicted under various conditions by using an LV 
spherical biomechanical model coupled to lumped arterial and venous circulation models along with 
time-varying LV elastance proposed in [133]. These conditions include myocardial hypertrophy [134], 
pressure or volume overload following MI [135], and hemodynamic reflex compensation post-MI [136]. 
Similarly, an ellipsoidal LV model was adopted in [137]. This method takes one advantage such as 
stress information available compared with [14]. However, the LV biomechanical model is homogenous, 
and MI cannot be involved into the model as a different structure. If the MI structure is included 
explicitly, an analytical solution for stresses is impossible, thus FEM and complex constitutive law for 
passive myocardium have to be secured.  
In Fig.6b, the MI scar tissue proves a very different biomechanical behaviour from the existing 
soft tissue in Fig.6a, i.e. the slope of stress-stretch curve is nonlinear rather than linear. In that case, it 
is difficult to analytically express the stress-stretch relationship. Therefore, more experimental data at 




LV aneurysm has been modelled in idealized LV bodies such as sphere or axis-symmetrical 
structure with isotropic material without myofibre network. Rupture phenomenon and active 
tension/stress are excluded as well. In the future, these factors are worthy being taken into account in 
LV aneurysm analysis based on realistic LV geometrical model. Additionally, LV aneurysm should be 
analysed in a cardiac cycle. 
The viscoelasticity of infarcted LV tissue can be altered at MI based on experiments [138]. 
Unfortunately, this issue has been ignored in biomechanical modelling of biomechanics of infarcted LV 
so far.  
Cardiac rupture is a complication after acute MI and the incidence of the rupture can cause 
immediate death at a rate of (4-24)% in all infarction deaths [139]. However, this effect and myocardium 
damage are not modelled based on a biomechanical model presently.  
Optimizing collagen fibre orientation in the scar after MI is a good idea [79]. Such a kind of 
biomechanical model should include the growth effect of collagen fibres in MI zone and the remodelling 
in myocardium in the remote zone by using MRI image-based reconstructed LV geometrical models in 
the future. 
The myocardium is not considered with a different biomechanical property from the MI scar 
and the myocardium growth or remodelling is neglected in the existing coupled agent-based models for 
determining collagen fibre orientation under chemical and mechanical cues [125,126]. Importantly, the 
model parameters are all from animal models for cryo-infarct scars on the epi-surface of rat LV and 
whether they are applicable to human LV is unclear currently. Additionally, there is no evidence 
showing that cryo-infarct scars share the same collagen fibre structure with the normal scars caused 
from coronary artery blockage.  
A substantial effort has been devoted to an integrated electro-mechanical-growth LV model 
[129], but the collagen fibre growth and remodelling are overlooked. And the corresponding results 
simulated are not compared with clinical observations quantitatively. Further improvements in these 
limitations are encouraged. 
Biomechanics of infarcted LVs is the subject of the structure, function, kinematics and kinetics 
of infarcted LVs at the organ, cell and organ levels by making use of experimental and mathematical 
modelling methods. In the article, solid biomechanics is concerned particularly with application in MI 
remodelling process. In fact, cardiac electrical activity, electromechanical activity, and haemodynamic 
CFD in LVs were altered after MI. The investigations in these aspects can serve a critical and useful 
tool to MI diagnosis and therapy assessment. The typical studies on the identifications of cardiac 
electrical potential and electromechanical activity as well as CFD simulations of haemodynamics in 
LVs can be attributed to [140], [141-143] and [144] driven by cine or tagged MRI, respectively. A 
survey on these subjects is out of scope of the present paper. It is very hopeful that these interesting 




The regional circumferential strain between ES and ED in endocardium is a sensitive index for 
remodelling at acute stages of MI based on the layer-specific strain analysis of rat myocardium in vitro 
[145]. Regional diastolic myocardial strain and strain rate in vivo measured via speckle-tracking 
echocardiography (STE) decline nonuniformly throughout the myocardium post-MI [146]. Thus, the 
STE-based quantification of regional and temporal differences in myocardial diastolic strain might be 
useful for clinical assessment of post-MI remodelling. As a result, a STE regional strain-based inverse 
problem was proposed to optimise the regional maximum contractile tension profile in 16 regions in a 
swine healthy LV between ED and ES [147]. It is hopefully the method can be used in LV remodelling 
prediction post-MI in the future.  
7 Concluding remarks 
A series of mathematical models and modelling methods in biomechanics of infarcted LVs 
have been summarized and reviewed. These models were classified into four groups, i.e. cardiovascular 
system model, biomechanical models, LV aneurysm models and growth models, the features of each 
model were clarified. Primary idea in each model was detailed and principal equations for the models 
were illustrated. Discussions on the models have been made and further study issues on them were 
identified. It was shown that significant improvements in the cardiovascular system model, LV 
aneurysm model, coupled agent-based models and integrated electro-mechanical-growth LV model are 
on demand presently. The comparison between model prediction and clinical observation should be 
quantitative. New stress-stretch models for infarcted LV tissue, collagen fibre orientation optimization 
in scar, cardiac rupture and tissue damage as well as viscoelastic effect post-MI need to be addressed 
mathematically in the future. The regional strain-based inverse problems for infarcted LVs are desirable. 
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Table 1 Summary of biomechanical models for LV growth and remodelling after MI 
Classification Contributor Feature Ref 
Cardiovascular system 
Drzewiecki, Pilla and 
Welkowitz (1990) 
1) Venous, pulmonary and arterial systems are 
represented by fixed compliance and flow resistance. 
2) Tricuspid, pulmonary, mitral and aortic valves are 
modelled with fixed flow resistance and one directional 
diode. 
3) RV and LV are with variable active and passive 
compliances. 
4) In MI zone, there is passive compliance only. 
5) The Windkessel model is applied. 






















Noble, Milne, Goerke, 
et al (1969) or 
Diamond G, 
Forrester, Hargis, et al 
(1971) 
1) LV pressure is as an exponential function of LV 
chamber volume in diastole or 
2) LV pressure is as an exponential function of 






Needleman, et al 
(1980) 
1) Infarct myocardium is isotropic nonlinear material in 
diastole and systole. 
2) Two-parameter Ogden type strain energy function. 
3) LV initial shape is spherical, then deformed into 
axis-symmetrical shape in diastole and systole. 
4) Two parameters are altered to represent MI size 
effect and passive and active states. 
[30] 
Analytical LV 
model with MI 
Sunagawa, Maughan 
and Sagawa (1983) 
1) No border zone. 
2) Remote zone and MI zone are considered two 
separated chambers with the same LV pressure. 
3) Three ESPVRs each for remote zone, MI zone and 








and McMahon (1984) 
1) Two-parameter Ogden type strain energy function. 
2) LV initial shape is spherical, then deformed into 
axis-symmetrical shape in diastole and systole. 
3) Two parameters are assigned to healthy myocardium 
and MI region. 
4) Different contraction constants are given to reflect 
defeated contractility in remote region. 
[41] 
Empirical stress-
stretch and active 
tension model 
Perl M and Horowitz 
(1984) 
1) Empirical exponential stress-stretch relationship. 
2) Empirical active tension with a variable coefficient 
with cardiac time. 





Laird and Vellekoop 
(1977) 
Fung type exponential tension-stretch formula is used 
to fit MI tissue. 
[45] 
Akaishi, Weintraub, 
Schneider, et al 
(1986) 
An exponential tension-stretch expression is used. [47] 
Isotropic collagen 
fibre MI scar 
Fomovsky, Rouillard 
and Holmes (2012) 
1) Collagen fibres have not dominant fibre orientation. 

































Table 1 Summary of biomechanical models for LV growth and remodelling after MI (continued) 

























1) Fung type strain energy function in passive state is 
adopted. 
2) In-plane anisotropic but transversely isotropic. 








Fan et al, 
(2015,2016) 
1 Mooney-Rivlin type strain energy function in passive state 
is updated. 
2) In-plane anisotropic but transversely isotropic 
3) Non-MI regional effect. 




based on Hill’s 
model 
Bovendeerd, Arts, 
Delhaas, et al 
(1996) 
1) Hill’s three-element active model for myocardium is 
involved. 









Moustakidis M, et 
al (2001) 
1) LV aneurysm is rigid and un-deformable. 
2) LV is a spherical membrane. 








Mangion, et al 
(2017), Gao, 
Mangion, Carrick, 
et al (2017) 
1) Holzapfel and Ogden (2009) model is used for passive 
myocardium. 
2) Niederer, Hunter and Smith (2006) model is specified for 
active myocardium. 












1) Holzapfel and Ogden (2009) model is included for 
passive myocardium. 
2) Generalized Hill model of Goktepe, Menzel and Kuhl 
(2014) is involved. 
3) Aliev and Panfilov (1996) electrophysiological model is 
considered. 
4) Signorini’s model is applied to estimate LV pressure. 







1) LV is thick-walled membrane ellipsoid. 
2) Meridional radius of curvature in LV endocardium is 
used. 
3) The stress calculated is mean longitudinal stress. 
[66] 
Janz (1982) 
1) LV is thick-walled membrane ellipsoid. 
2) Circumferential and longitudinal stresses are mean values 
across LV wall. 
3) Circumferential and meridional radii of curvature in LV 





1) LV is thin-walled membrane ellipsoid with Laplace’s law. 
2) LV wall stresses are calculated using circumferential and 
meridional radii of curvatures of LV middle wall profile. 
[72] 
Zhong, Su Y, 
Yeo, et al (2009), 
Zhong, Su, 
Gobeawan L, et al 
(2011) 
1) LV wall curvatures and wall thickness are determined 
from MRI images. 
2) LV wall stress is calculated by using meridional radius of 





in MI scar 
Voorhees and Han 
(2014) 
1) Collagen fibres are composed of collagen fibrils. 
2) Collagen fibrils in MI scar are modelled with crimped 
model of Grytz and Meschke (2009). 
3) Passive myocardium is modelled with Guccione 
McCulloch and Waldman (1991) model. 
4) LV shape is cylindrical and composed of three healthy 

































Table 1 Summary of biomechanical models for LV growth and remodelling after MI (continued) 






























1) Large collagen fibres in MI scar are considered. 
2) Guccione McCulloch and Waldman (1991) model is 
updated to include transmurally variable collagen fibres. 
3) Five model constants are decided by directional vector 
components measured from the mean collagen fibre angle and 














Rigid model Vayo (1966) 
1) LV aneurysm is rigid or un-deformable. 
2) LV is a spherical membrane. 





Lowe and Love 
(1948) 
1) LV and aneurysm are in three-layer structure and keep 
spherical in cardiac cycle. 
2) MI layers are in liquid state 
3) Each layer thickness in MI is equal to that in remote region. 
4) Centres of two spherical surfaces of inner and outer 
segments remain fixed. 
5) Two stress ratios are related to muscle length linearly. 





3) Each layer volumes remain unchanged. 
4) Centres of two spherical surfaces of inner and outer 
segments are different. 






6) LV is in ellipsoidal shape and aneurysm is spherical in 
cardiac cycle. 









and Janz (1978) 
5) Two stress ratios are related to muscle length nonlinearly. 
6) Diastole is modelled. 









1) LV is a spherical single-layer balloon initially but deformed 
into an axis-symmetrical structure in diastole. 
2) Strain energy function of rubber-like mater is adopted for 
myocardium and aneurysm but with different material 
constants. 





Kivowitz, et al 
(1973) 
Uniaxial stress-strain data of human fibrous, fibrous and 









1) Strain energy function is composed of three principal 
stretches with a power constant and Poisson ratio without 
invariants. 










Moustakidis, et al 
(2001) 
1) Fung type strain energy function is used. 
2) Four model parameters for passive state are decided at ED. 


































Table 1 Summary of biomechanical models for LV growth and remodelling after MI (continued) 












Jin, Han, Berger, 
et al (2011) 
1) Macrophage, fibroblast, TGF-β, MMM-p and collagen I 
are key factors regulating collagen fibre growth and 
degradation. 
2) Pathways for collagen fibre growth and degradation are 
clarified. 
3) ODEs of concentration change rate of these factors are 
established. 
4) ODEs are solved and intervention effect on collagen 






1) Chemokine in MI scar drives fibroblast growth and 
death. 
2) Fibroblasts control collagen fibre growth/degradation 
and orientation under various cue conditions. 
3) Non-collagen fibres are with degradation only. 
4) Fibroblasts are assumed to be discrete discs, and the 
rest variables are continuous. 
[122] 
Coupled 2D agent-




1) Fibroblast production/destruction and orientation are 
modelled with agent model under chemical and 
mechanical cues. 
2) Collagen fibre growth/degradation and orientation 
depend on fibroblasts. 
3) FE model and growth model are coupled to provide 
mechanical cue. 
4) 2D planar scar is modelled at ED. 
[125] 
Coupled 3D agent-
based model and FE 
model 
Zhuan, Luo, 
Gao, et al (2019) 
1) LV wall is full of collagen fibre which is in myofibre 
direction. 
2) Fibroblast production/destruction and orientation are 
modelled with agent model under chemical and 
mechanical cues. 
3) Collagen fibre growth/degradation and orientation 
depends on fibroblasts. 
4) FE model and growth model are coupled to provide 
mechanical cue. 
5) Idealized rat LV are modelled at ED. 
[126] 
Growth in one direction 
Klepach, Lee, 
Wenk, et al 
(2012) 
1) Myofibre rather than collagen fibre growth along 
myofiber is modelled. 
2) Myofibre orientation remains unchanged. 
3) Growth doesn’t affect sheet direction but results in 
shrinkage in cross-fibre direction. 
4) Growth is driven by steady increasing cyclic Cauchy 
stress. 
5) Realistic LV and ED arer modelled. 
[127] 
Growth in two 
directions 
Saez and Kuhl 
(2016) 
1) Collagen fibre growth and myocyte death are 
considered in terms of short supply in oxygen. 
2) Growth/degradation is along myofiber and sheet 
directions. 





Genet M, et al 
(2016) 
1) Electrophysiological, biomechanical, and tissue growth 
models are integrated. 
2) Growth occurs in mayordom of remote and border only. 
3) Collagen fibres in MI are without growth and 
orientation change. 





















































       






2 3 4 5 6 7 
Fig. 1  Myocardial infarction caused from stenosis in left anterior descending (LAD) coronary artery, 
the picture is from ttps://www.theexpertinstitute.com/case-studies/cardiologist-misses-mi-resulting-
in-fatal-arrhythmia/ 
Fig. 2  A lumped-parameter cardiovascular blood flow model, at note 1 to 7, the Windkessel 
model and flow rate balance equation are applied, four valves are simplified to a series 




































Fig. 3  End-systolic pressure-volume relations (ESPVR) measured in vitro from a dog 
LV, MI was created by ligating left circumflex arteries in the LV, the plot is adapted 
from [32]. 
Fig. 4  Myocardial end-systolic and diastolic tension-length curves, 
c  is defined by systolic 
rest length 
cl , and diastolic rest length pl , p  is done by instant diastolic length il and pl , 
alternating 












stress length, 𝑙𝑐 
Diastolic zero-
stress length, 𝑙𝑝 
End-diastolic 
𝑙𝑖 
𝜆𝑐 = 𝑙𝑝 𝑙𝑐⁄  































Fig. 5  ESPVRs predicted based on constitutive laws and input data by using FEA of axis-
symmetrical membrane LV model in [41], MI sizes are 15%, 25% and 41%, respectively. 
Fig. 6  Experimental data and fitted curves for stress-stretch or length curve slope d d  , 





































Fig. 7  Idealized LV chamber in coronal 
section (a), the areas used to calculating mean 
circumferential stress (b) and the meridional 
radius of curvature at LV endo-surface R  and 
circumferential radius of curvature r  as well 
as wall thickness ℎ (c) 
Fig. 8  The relation between the systolic length index (SLI) and end-systolic 






































Fig. 9  Layer structure of LV wall,  the 
picture is from [89], 1-pericardial 
superficial sino-spiral muscle, 2-deep sino-
spiral muscle, 3-deep bulbo-spiral muscle, 
4-endocardial superficial bulbo-spiral 
muscle 
Fig. 10  LV initial spherical shape with an infarcted zone on top of 60o damage angle (a), and 
predicted blowout aneurysm with k =2 in diastole (b), three aneurysms predicted during systole 



































Fig. 11  Macrophage regulates ECM construction and destruction (a) and pathways of 
macrophage regulating collagen construction and destruction (b), (a) is from [119], (b) is 
after [120] 
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